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TORSION OF A CIRCULAR CYLINDER HAVING
Abstract. This paper presents a torsion solution, based on the Michell-Foppl theory, .for an infinite circular cylinder having a symmetrically-located spherical cavity. Numerical values are also given to show, in particular, the effect of the cavity on the maximum shear stress in the cylinder.
The general theory. Let (r, 6, z) be the cylindrical coordinates of a point. For convenience, r and z will be considered as dimensionless quantities each measured by a unit of certain typical length a.
The solution of the torsion problem for a solid of revolution, requires a function \p which satisfies .the following differential equation.1 + a) dr r dr dz in which the axis of revolution is taken as the z axis. The two non-vanishing stress components are expressed by
Te' r2 dr' T" r2 dz' [ } where fi is the modulus of rigidity. The condition that the surface is free from traction takes the form ip = const.
on the entire surface. The constant for \p at the internal surface will henceforth be taken as zero as no generality is lost in doing so. The terminal couple acting on the cylinder is then equal to T = 2irfj.a\pe , (4) where \pe is the value of ip at the external surface. 
Consequently, the differential operators are transformed to 
It follows that the function G satisfies the following equation
This equation is known as Legendre's associated equation and is satisfied by Pi (cos <£) and Ql (cos 4>), which are Legendre's associated functions of degree n and order two, of the first and second kinds, respectively. It is noted that the same Legendre's associated equation is obtained if we assume instead * = (15) P Since the preceding solution is valid for any integral value of n including zero, a more general solution of ip is expressed by the following four series :
where A" are parametric coefficients. Note that P\ vanishes when n = 0 or 1.
Method of solution. Now, consider an infinite circular cylinder of radius a (i.e., r = 1) having a symmetrically-located spherical cavity of radius \a (i.e., p = X), which is under torsion by terminal couples about the axis of the cylinder. For convenience, the centre of the cavity will be placed at the origin.
The method of solution is to assume \p as being composed of two parts as follows:
where \J/0 is the solution of a corresponding cylinder without a cavity, while 4>x is an auxiliary solution which vanishes on the surface of the cylinder. The latter is added to yp0 so that the remaining boundary condition on the surface of the cavity is satisfied by adjusting the parametric coefficients involved in the function. The function \f/0 is io = bar*,
where r is a constant. Since \pt vanishes on the surface of the cylinder, it follows that the terminal couple is equal to |x/ira4. The auxiliary function 4*i may be constructed by combining linearly a set of functions each of which satisfies the given differential equation and vanishes on the surface of the cylinder. It appears that the set of functions can be derived from the following particular solution for \p, namely:
It is obvious that the function so constructed satisfies the given differential equation. Note that this function is even in z or cos 4> and, besides, it has a singularity at the origin. According to the definition by Hobson,2 Pi (cos 4>) is equal to 3 sin2 <f>. Hence \p* vanishes when r = 1 provided that
The last result is a particular case of the integral considered by Poisson and Malmsten.The function \p* is thus fully determined. It is obvious that differentiation with respect to z gives functions with the desired properties on the surface of the cylinder, but odd derivatives must be excluded since they are not even in z and cannot enter into the required solution. The function \p* itself may also be included. The set of functions is therefore d2\l/* dV* **< and {4 °22(cos *)} = 3r4 ^ (^) = (2s j;!?-P22s(cos «#.)
I2{kr) cos fe = -£ (~ 1)" (2f|)2^, PL(cos 0).
The latter expansion is valid in the neighborhood of the origin. Hence, it follows that for s > 1, . * 2 P2"(cos <ft) ■ E 2«2,P2"(cos0)p2", 
where A2s are parametric coefficients to be determined; the factor ra being introduced to render A2s dimensionless. The function ip is then equal to i = T? p2^cos tip2 + mr2 i ("lb -P2" i 2na2sA2)p2Ucos 4>). The validity of the above solution naturally depends upon the convergence of the series (32). To establish convergence, an inequality for the coefficients is needed. However, for the sake of brevity, no proof will be given here. From physical considerations alone, it seems likely that there will be convergence as long as the boundary of the cavity does not touch the surface of the cylinder or X < 1.
Effect of cavity on angle of twist. To investigate the effect of the cavity on the angle of twist, we have for \//0
where co0 is the angle of twist due to \p0 alone. This implies that r represents the angle of twist per unit length of a circular cylinder without a cavity. While for \, we have
where is the angle of twist due to i/'i . Integration gives coi = -^3 £ A2s -f \p*s dz.
It appears that there is no contribution from except the integral part in ip* . The latter gives 4raA2 d 2 f°° T" k2K2(k)I2 (kr) . , " wi = -r2 / 1cos kz dz dk
i.e., owing to the presence of the cavity the angle of twist of the cylinder is increased by an amount -16tg^42 • Numerical examples. Numerical examples will be given for several values of \. Values of trs are given in Table I , which are computed by numerical integration with the aid of Gregory's formula.5 The coefficients 2na2s are then readily obtained and shown in Table II. 6See E. Whittaker and G. Robinson, Calculus of observations, 4th edition, Blackie 1948, p. 143. [Vol. X, No. 2 Values of A2, found by successive approximations are shown in Table III . The stress at any point in the cylinder can now be readily computed. In particular, the shear stress across the minimum section z = 0 is given by .. = £ Ajfit-r + (2n+J!r" ~K(0)> (38) where Pirn -(-!)"■
This stress is shown in Table IV and also graphically in Figure 1 , where the known result for X = 0 is also included. It appears that in the cylinder under consideration the maximum shear stress always occurs on the external boundary across the minimum section. Now, if we define the stress concentration factor K as the ratio of the maximum shear stress to the constant shear stress across the same section which would give the same couple about the axis of the cylinder, i.e., K = (r")mai (40) then the following results are obtained. The value of K in the limiting case X = 1 can readily be visualized from physical consideration of the cylinder. Figure 2 shows the results graphically. 1.0776X10"2 -9.6787X10"2 2.3095X10"1 -3.1762X10"1 3.1673X10"1 -2.5481X10-' -2.1508X10-3 3.0794X10-2 -1.0587X10-'
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